This paper deals with the experimental identification and the validation of a non-parametric probabilistic approach allowing model uncertainties and data uncertainties to be taken into account in the numerical model developed to predict low-and medium-frequency dynamics of structures. The analysis is performed for a composite sandwich panel representing a complex dynamical system which is sufficiently simple to be completely described and which exhibits, not only data uncertainties, but above all model uncertainties. The dynamical identification is experimentally performed for 8 panels. The experimental frequency response functions are used to identify the non-parametric probabilistic approach of model uncertainties. The prediction of the low-and medium-frequency dynamical responses obtained with the stochastic system is compared with the experimental measurements.
Introduction
The last two decades have received a particular attention in developments of parametric probabilistic approach for modelling data uncertainties (material properties, geometry, boundary conditions) in structural dynamics, for many simple and complex dynamical systems, including the case of composite structures (see for instance, Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] for analysis, optimal design, stability analysis, free vibration and reliability analysis of composite structures). This paper has two main objectives. The first one is to present the validation of an experimental identification method of a general non-parametric probabilistic approach recently introduced (see Refs. [10, 11, 12] ), allowing model and data uncertainties to be taken into account in structural dynamics. The structure which has been chosen for performing this probabilistic analysis is a composite sandwich panel because it constitutes a complex dynamical system which is sufficiently simple to be completely described and which exhibits not only data uncertainties but above all model uncertainties. The second objective is to analyse the role played by model uncertainties in the dynamical responses of such mechanical system. It is known that the dynamical responses of light composite sandwich panels in the medium-frequency range are sensitive to the process used for their manufacturing. In addition, such sandwich panels constitute complex dynamical systems (dynamical behavior of the materials consituting the different layers; interface conditions between two adjacent layers; boundary conditions, etc) and consequently, model uncertainties are induced by the mathematical-mechanical modelling process in which simplifications are introduced. Finally, the parameters of the mathematicalmechanical modelling are not known with a great precision which means that data parameters are also uncertain. It should be noted that this paper addresses (1) neither uncertain loads, (2) neither data uncertainties modelled by perturbation techniques or by the usual parametric probabilistic approach (3) nor active control and related topics such as synthesis of active controllers. This paper mainly addresses a new experimental validation of a general probabilistic approach which allows model uncertainties and data uncertainties to be taken into account in the numerical predictive models for the low-and medium-frequency dynamics. Eight sandwich panels have been manufactured using an identical process and their frequency response functions have been experimentally identified.
The designed composite sandwich panel is constituted of two thin carbon-resin skins and one high stiffness closed-cell foam core. Each skin is constituted of 2 unidirectional plies [60/-60]. As written above, it is known that such sandwich panels, manufactured with an identical process, generally present a significant dispersion for their Frequency Response Functions (FRF) in the low-requency (LF) range and above all in the medium-frequency (MF) range.
Concerning the sandwich panel, the objectives are (1) to perform an experimental analysis of the frequency-response-functions dispersion due to the process used for manufacturing the sandwich panels, (2) to develop a predictive mean mechanical model based on the use of the laminated composite thin plate theory in dynamics and to compare the numerical simulations with the experiments, and (3) to use a non-parametric probabilistic approach allowing data and model uncertainties to be modelled in order to improve the predictability of the mean model in the LF and MF dynamics.
The non-parametric probabilistic approach used in this paper is based on the concepts and the methodology introduced in Refs. [10, 11, 12] . In such a probabilistic model, the probability distribution of each full random generalized matrix of the dynamical system (generalized mass, damping and stiffness matrices) depends on a dispersion parameter (the coefficient of variation of the full random matrix constructed with the Frobenius norm) allowing the level of the random fluctuations of each random matrix to be controlled. An experimental estimation of each dispersion parameter for the random generalized mass, damping and stiffness matrices is proposed. The confidence regions of the random frequency response functions are predicted by using the random dynamical system constructed with the non-parametric probabilistic approach of model and data uncertainties and are compared with the experimental frequency response functions measured for the 8 sandwich panels. 
Notation
In this paper, the following notations are used:
(1) A lower case letter is a real or complex deterministic variable (e.g. f ).
(2) A boldface lower case letter is a real or complex deterministic vector (e.g. f = (f 1 , . . . , f n ).
(3) An upper case letter is a real or complex random variable (e.g. F ).
(4) A boldface upper case letter is a real or complex random vector (e.g. F = (F 1 , . . . , F n )).
(5) An upper case letter between brackets is a real or complex deterministic matrix (e.g. [A ]).
(6) A boldface upper case letter between brackets is a real or complex random matrix (e.g.
[A]).
(7) Any deterministic quantities above (e.g. f, f, [A ] ) with an underline (e.g. f , f, [A ] ) means that these deterministic quantities are related to the mean model (or to the nominal model).
In addition, the following algebraic notations are used.
Euclidean space. The Euclidean space Ê m is equipped with the usual inner product such that,
complex vectors u and v belonging to the Hermitian space m .
Hermitian space. For all u = (u 1 , . . . , u m ) in the Hermitian space m , its hermitian norm is
Matrix sets. Let Å n,m (Ê) be the set of all the (n × m) real matrices, Å n (Ê) = Å n,n (Ê) be the set of all the square (n × n) real matrices, Å S n (Ê) be the set of all the (n × n) real symmetric matrices and Å + n (Ê) be the set of all the (n × n) real symmetric positive-definite matrices. We
Norms and usual operators. We denote:
(1) the determinant of matrix [A ] ∈ Å n (Ê) as det[A ] and its trace as tr Oxy and the origine O is located in the corner. Each carbon layer is made of a thin carbon-resin ply with a thickness of 0.00017 m, a mass density ρ = 1600 Kg/m 3 . Let OXY Z be the local Cartesian coordinate system attached to a carbon-resin ply for which OXY coincides with the plan of the ply and for which its fibers are oriented in OX direction. Then, the elasticity constants expressed in the local coordinate system OXY Z are: 
Manufacturing the sandwich panels
Eight sandwich panels have been manufactured from the designed sandwich panel using an identical process and the same materials. All the sandwich panels have been baked in the same batch for suppressing the influences of the different baking conditions concerning time and temperature. The different steps for the manufacturing of the sandwich panels are the following.
Step 1: cut out the carbon-resine tissue and cut out the foam plate with the dimension of the designed panel.
Step 2: for each plate, paste the carbon-resine tissues with the foam plate.
Step 3: bake the eight sandwich panels pasted in the previous step in the vacuum oven for solidify the oxygen resin existing in the sandwich. Figure 1 shows step 2 of the manufacturing process for a sandwich panel.
Dynamical identification of the eight sandwich panels

Description of dynamical testing
The panel is vertical and suspended by two thin soft rubber bands attached to the two upper using the usual spectral analysis method and signal processing [13, 14] . 
Experimental cross frequency response functions
Experimental modal analysis
For each sandwich panel, an experimental modal analysis [15] has been performed using a commercialized software [16] in the frequency band for a given set of poles, (3) optimizing poles and residues of the current model using a narrow frequency band update. In particular, from the poles, it is deduced the experimental eigenfrequencies and the experimental damping rates. This procedure allows the first eleven experimental eigenmodes to be identified without significant errors while the errors increase with the upper experimental eigenmodes (twelve, thirteenth, etc...). Consequently, only the first eleven identified eigenmodes have been kept.
Concerning the updating of the conservative part of the mean model with the first experimental eigenfrequencies (see Section 5.3), an average value of each experimental eigenfrequency is constructed over the set of the eight experimental panels. For each experimental eigenfrequency α, the usual estimation ω exp α defined by
is then introduced and represents the average experimental eigenfrequency. In addition, the updating of the conservative part of the mean model will be performed using only the first four "well isolated" eigenmodes. Introducing f Concerning the dissipative part of the mean model no updating is performed to "obtain a good fit" (which would be really difficult to construct because the prediction performed is a confidence region of the stochastic frequency response functions corresponding to a given probability level and in addition, would be without any interest since the objective of the paper is to take into account model and data uncertainties and not only data uncertainties). A global average experimental damping rate is then constructed as explained below and then the average value is directly used in the mean model (see Section 5.2). For α = 1, . . . , 11, let
be the average experimental damping rate α over the set of the eight experimental panels. Let
be the global average experimental damping rate for the first eleven experimental eigenfrequencies. This procedure yields the value ξ exp = 0.01 , which will be directly used in the mean model. 
Mean mechanical model of the dynamical system and experimental comparisons
The mean model refers to the model deduced from the mechanical-mathematical model of the designed sandwich panel for which data (geometry, elasticity constants, mass densities, etc) correspond to the designed sandwich panel data values and are usually called the mean data or the nominal data.
Mean finite element model
The designed panel is considered as a laminated composite thin plate for which each layer is made of an orthotropic elastic material [17, 18, 19] . where [ (ω)] is the dynamic stiffness matrix such that
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Mean reduced matrix model
The mean reduced matrix model adapted to frequency band B is constructed by using the usual modal analysis with the elastic modes of the associated conservative system. The generalized eigenvalue problem associated with the mean mass and stiffness matrices of the mean finite element model is written as
. . ≤ λ m and the associated elastic modes { 1 , 2 , . . .} corresponding to the strictly positive eigenvalues λ 1 , λ 2 , . . ., are such that
is the eigenfrequency of elastic mode β whose normalization is defined by the generalized mass µ β .
The mean reduced matrix model of the dynamic system whose mean finite element model is defined by Eq. (1) is obtained by constructing the projection of the mean finite element model on the subspace V n of Ê m spanned by { 1 , . . . , n } with n ≪ m. Let [ Φ n ] be the (m × n) real matrix whose columns are vectors { 1 , . . . , n }. The generalized mass, damping and 
For frequency band B, the mean reduced matrix model of the dynamic system is written as the approximation y n (ω) of y(ω) such that
in which the n -vector q n (ω) of the generalized coordinates is the unique solution of the mean reduced matrix equation,
with
T f(ω) ∈ n and where the mean generalized mass, damping and stiffness matrices are the positive-definite symmetric (n × n) real diagonal matrices defined above. 
Updating the conservative part of the mean model with the first experimental eigenfrequencies
Firstly, the mean value of the mass density ρ of each carbon-resine ply has been identified by using (1) a measurement of the dimensions and of the total weight of the panel and (2) 
Convergence with respect to the mesh size for the updated designed panel
A convergence analysis of the cross frequency response functions of the updated designed sandwich panel has been performed with respect to the size mesh of the finite element mesh. show that convergence with respect to the finite element mesh size is reasonable for 64 × 64
four-nodes finite elements.
Convergence of the updated mean reduced matrix model with respect to the number of elastic modes
The convergence with respect to the dimension of the updated mean reduced matrix model is analyzed in studing the graph of the L 2 -norm in space (over all the middle plane of the sandwich panel) and in frequency (over all the frequency band of analysis B) of the zacceleration response for a unit input applied to point N 0. Figure 6 displays the graph of this norm versus the dimension of the updated mean reduced matrix model, that is to say, versus the number of elastic modes. The convergence is reached for n = 120.
FRF calculation with the updated mean reduced matrix model and experimental comparisons
The cross frequency response functions are calculated by using Eqs. 
Nonparametric Model of Random Uncertainties
The non-parametric model of random uncertainties has initially been introduced in Ref. [10] . 
. Consequently, the non-parametric model of random uncertainties in frequency band B is written as
in which, for all ω fixed in B, the n -valued random variable Q n (ω) of the random generalized coordinates is the unique solution of the random reduced matrix equation,
From Refs. [10, 11, 12, 20] , these random matrices are written as
in which the positive-definite
Assuming that no available information (objective data) exits concerning the statistical dependence of the random generalized mass, damping and stiffness matrices, then it can be proved [10] that the full random matrices
have to be considered as mutually independent. The dispersion of
are controlled by the positive real parameters δ M , δ D and δ K which are independent of dimension n and which do not depend on frequency ω. If
The probability distribution P [G A n ] of the random matrix [G A n ] is defined by a probability 
The probability density function
is then written [10, 11, 12, 20] as
n (Ê) and where the positive constant C G A n is such that
whith Γ(z) the gamma function defined for z > 0 by Γ(z) = +∞ 0
(n + 1)/δ 2 is not an integer and consequently, the probability distribution is not a Wishart distribution.
In order to solve the stochastic equation (6) by the Monte Carlo numerical simulation, it is necessary to construct a random matrix generator for [G A n ] whose probability density function
is defined above. The following algebraic representation developed in Refs.
[10,11,12,20] allows such a random matrix generator to be constructed. The random matrix
[G A n ], with dispersion parameter δ A and having the probability density function
defined above, can be written as
in which [L A n ] is an upper triangular random (n×n) real matrix such that the random variables
are mutually independent and such that
and where U jj ′ is a real-valued Gaussian random variable with zero mean and variance equal to 1;
which σ n is defined above and where V j is a positive-valued gamma random variable whose probability density function p V j (v) with respect to dv is written as
Experimental estimation of the dispersion parameters for the non-parametric probabilistic model
Let δ M , δ D and δ K be the dispersion parameters of the random generalized mass, damping and stiffness matrices. Since the dispersion parameters have to be independent of n (see Section 6), the dispersion parameters can be estimated by using the experimental matrices 
The matrix [MAC] allows the optimal number ν to be defined (number of experimental elastic modes which can be associated with elastic modes computed with the updated mean finite element model). Fixing an error less than 4%, this matrix shows that the diagonal terms are dominant and larger or equal to 0.96 for ν = 5. The optimal value is then ν = 5.
One has now to estimate the dispersion parameters of the three random matrices using 
. However, it can be written that
in which q exp (θ r ) is the m -vector of the experimental generalized coordinates and where q exp (θ r ) is the corresponding m -vector of the generalized coordinates in the mean-model
in which the matrix [S
The matrix transformation defined by Eqs. (13)- (14) allows the experimental matrices 
Consequently, the eight realizations
by Eq. (11) have effectively been constructed. The dispersion parameter δ A of random matrix
, defined by Eq. (10) for n = ν = 5, has to be chosen independent of n and is then estimated by
From Eq. (17), it can be deduced that δ M = 0.23, δ D = 0.43 and δ K = 0.25. Consequently, these values represent the dispersion parameters for random matrices
These dispersion parameters are taken as constants independent of dimension n.
Since the number of experimental panels is relatively small (8 panels are used), the quality of the estimation of δ A defined by Eq. (17) could be questionnable. Nevertheless, as explain below, such an estimation is perfectly correct. In Ref. [20] , the convergence of the estimator δ A used to calculate the estimation δ A defined by Eq. (17) has been studied and one reuses this result. Applying this result for a dimension ν = 5 of the random matrix [G ]. As it can be seen in Eq. (11), for n = ν, this random matrix depends on ν × (ν + 1)/2 independent random variables, i.e, on 15 independent random variables. Consequently, each realization of this random matrix is spanned by the realizations of 15 independent random variables, and therefore, the estimation δ A is performed by using 8 × 15 = 120 realizations of independent random variables. In general, such an argument is wrong, but in the present case, due to the structure of the random matrix [G ] and due to Eq. (10) defining δ A , this result holds and has been proved in studying the standard deviation σ δ A of estimator δ A (see Ref. [20] ).
Confidence region prediction for the FRF and experimental comparisons
Confidence region prediction with the non-parametric probabilistic model
We are interested in the construction of the confidence region associated with a probability level P c = 0.96 for the modulus of the random cross frequency response functions between point N 0 and points N 1, N 2 and
| in which k is the degree of freedom corresponding to the z-displacement at points N 1, N 2 and N 3, and where Y n (ω) is the random vector given by Eqs. (5) and (6) . This confidence region is constructed by using the sample quantiles [20] . For ω fixed in B, let F W (ω) be the cumulative distribution function (continuous from the right) of random variable W (ω) which is such that
Then, the upper envelope w + (ω) and the lower envelope w − (ω) of the confidence region are defined by
The estimation of w + (ω) and w − (ω) is performed as follows. Let w 1 (ω) = W (ω; θ 1 ), . . . , w n s (ω) = W (ω; θ n s ) be the n s independent realizations of random variable W (ω) associated with the independent realizations θ 1 , . . . , θ n s . Let w 1 (ω) < . . . < w n s (ω) be the order statistics associated with w 1 (ω), . . . , w n s (ω). Therefore, one has the following estimation
in which fix(z) is the integer part of the real number z.
The confidence region of the random cross frequency response functions are calculated by using Eqs. (5)- (11) and (20)- (21). Random Eqs. (5) and (6) are solved by using the Monte Carlo numerical simulation with n s realizations. The realization Q n (ω; a ℓ ) of the n -valued random variable Q n (ω) is the solution of the deterministic matrix equation
respectively. The convergence of the random solution of Eq. (6) with respect to the number n s of realizations can be analyzed in studying the mapping
in which Q n (ω; a 1 ), . . . , Q n (ω; a n s ) are the n s realizations of the n -valued random variable Q n (ω). Figure 10 displays the graph of the function n s → Conv(n s ) for n = 200. The convergence is reached for n s = 1200. show that the prediction compared with the experiments is good.
Prediction and experimental comparison
Conclusions
The methodology proposed to experimentally indentify the non-parametric probabilistic approach which allows model and data uncertainties to be taken into account in structural dy- The prediction compared with the experiments is good. Graph of function n s → Conv(n s ). Horizontal axis: n s . Vertical axis: Conv(n s ). 
Figure captions
